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Abstract 

Using weighted traces which are linear functionals of the type 

A tr'^iA) := {tr{AQ-') - z-Hr(AQ-^)) 

defined on the whole algebra of (classical) pseudo-differential operators (P.D.O.s) and where Q is some 
positive invertible elliptic operator, we investigate the geometry of loop groups in the light of the coho- 
mology of pseudo-differential operators. We set up a geometric framework to study a class of infinite 
dimensional manifolds in which we recover some results on the geometry of loop groups, using again 
weighted traces. Along the way, we investigate properties of extensions of the Radul and Schwinger 
cocycles defined with the help of weighted traces. 

Resume 

A I'aide de traces ponderees qui sont des fonctionnelles lineaires du type: 

A tr'^{A) := {tr{AQ-') - z-Hr{AQ-')) 

definies sur toute I'algebre des operateurs pseudo-differentiels classiques, Q etant un operateur elliptique 
inversible, on etudie la geometric de I'espace des lacets a la lumiere de la cohomologie des operateurs 
pseudo-differentiels. On met en place un cadre geometrique afin d'etudier une classe de varietes de 
dimension infinie, cadre dans lequel on retrouve, toujours a I'aide des traces ponderees, des resultats 
concernant la geometrie des lacets. Ces traces ponderees nous permettent aussi d'etendre la notion de 
cocycle de Radul et de Schwinger et d'en etudier certaines proprietes. 



Introduction 



The paper is built up from two parts: the first one presents algebraic tools which are used in the second 
part to extend some geometric concepts to the infinite dimensional context. The approach to the geometry 
of loop groups we present in the second part uses weighted traces and it is new to our knowledge. Weighted 
traces offer a useful tool to prove both algebraic and geometric results, some of which had been proved 

elsewhere by other methods. 

Let us describe the contents of the first part of the paper (sections 1-4). The Lie algebra of interest in 
our context is the infinite dimensional Lie algebra of pseudo-differential operators (P.D.Os) acting on 
sections of some finite rank vector bundle E based on a closed manifold M (its dimension does not yet 
play a role at this stage). The Lie bracket is given by the operator bracket. It is well known that when 
the manifold is connected and of dimension strictly larger than 1, the only trace on this algebra, i.e the 
only (C valued linear functional which satisfies the tracial property namely tr[A, B] = 0, is the Wodzicki 
residue trace [W] , see also [K] for a review. 

Here we shall consider linear functionals on this algebra which arise as zeta function regularized traces . 
They involve a weight given by a positive self-adjoint elliptic operator and in general depend on the choice 
of the weight hence the terminology weighted traces which we shall use here. One can find such "traces" 
(sometimes implicitcly) in the literature on determinant bundles [BF] (in particular in the connection 
and the curvature) and more generally when investigating geometry in infinite dimensions (in particular 
for the notion of minimality of submanifolds [MRT],[AP]). Here we will be using them to define the Ricci 
curvature on current groups and first Chern form on loop groups. 

These weighted traces extend the so called canonical trace of Kontsevich and Vishik [KVl] defined on the 
subalgebra of P.D.Os with integer order that lie in the odd class (defined below) provided the dimension 
of the underlying manifold is odd. On this subalgebra (which contains ordinary differential operators) 
the weighted traces actually obey the tracial property tr[A,B] = which is not the case on the whole 
algebra of P.D.Os. 

Here, rather than searching for subalgebras on which the "weighted traces" actually are traces, we focus 
on the obstruction that prevents them from being traces on a bigger subalgebra of P.D.Os. It is measured 
by the coboundary of the weighted trace and yields a generalization of the well known Radul cocycle (see 
[KK], [R], [M2]). It is of infinite dimensional essence since it can be expressed in terms of a Wodzicki 
residue which is a purely infinite dimensional trace. 

With this idea in mind of studying infinite dimensional obstructions rather than restricting ourselves to 
subalgebras on which they vanish, using weighted traces we build up bilinear functionals on the whole 
algebra of classical P.D.Os. These restrict to the twisted Radul [M2] and Schwinger [S], [M2], [CFNW] 
cocycles on the (rather small) subalgebra of P.D.Os that lie in gres, the algebra of boimded operators 
A such that [A,e] is of order no larger than — *I|M where e is the "sign" of some self- adjoint elliptic 
operator. 

Finally, we investigate the link between our Schwinger functional and a generalization of another cocycle 
arising in the context of a central extension of the group Gres of invertible operators in gres- These 
relations boil down to well-known [PS] identifications of these cocycles on the restriction to gres for the 
obstruction to such identifications which is given in terms of Radul cocycles vanishing on this subalgebra. 

Let us now turn to a more geometric point of view which leads us to the second part of the paper (sections 
5-9). We now consider families of pseudo-differential operators, extending the notion of weighted trace 
to such families. On top of the algebraic obstructions mentioned above, due to the dependence on the 
weight, there are obstructions of geometric type which arise when trying to generalize properties of 
classical geometric concepts to infinite dimensions. 

Current groups Map{M, G) where M is a manifold and G is a Lie group, offer a first tractable example 
of infinite dimensional manifold. As spaces of classical paths in Wcss-Zumino Wittcn models, they play 
an important role in quantum field theories. They have been the topic of many an investigation and 
particularly from a geometric point of view (e.g. [DL], [Fl,2], [P], [PS], [SP], [Wu]). In a pioneering 
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article [Fl], Freed suggested a way to gecneralize to these; groups some of the methods available to study 
finite dimensional Lie groups. In particular, he defined a Ricci ciirvature on current groups and a first 
Chern form on the H'^ based loop group which is Kiihler. Other methods [SW] have since then been 
suggested, leading to the same expressions. In [Fl] (see also [F2], [SW]) the author uses a "conditioned" 
trace which involves taking a "two step trace", namely first the trace on the Lie algebra of the finite 
dimensional Lie group G and then, when the operator obtained this way is trace-class, taking its trace. 
He shows that the (conditioned) first Chern form on the based loop group is proportional to the symplectic 
form, from which follows on one hand that it is closed and hence defines the first Chern class, and on the 
other hand that it is Kahler-Einstein. 

Here we suggest a more general approach to defining Ricci curvature and first Chern forms on a class 
of manifolds which includes the current groups mentioned above. Carried out (in a left invariant way 
) to current Lie groups equipped with a weight given by a left invariant field of elliptic operators, the 
notion of weighted trace enables us to define the weighted Ricci curvature as a weighted pseudo-trace 
of R : Z ^ Sl{Z,-)- where O is the curvature tensor and the weighted first Chern form as a weighted 
pseudo-trace of the curvature, provided the operators involved are classical P.D.Os. 

We express the weighted first Chern form in terms of a pull-back by the adjoint representation of a cocycle 
on g-res: thus relating the closed two form given by the Chern form with a closed two cochain. 

A well known result by Kuiper [Ku] shows that a Hilbert manifold is parallelisable since GL{H) is 
contractible for a Hilbert space H (the model space of the manifold). This might seem in conflict with 
the fact that the first Chern class does not vanish. But in our approach, the model space H being a 
space of sections of some (finite rank) vector bundle E based on a closed manifold M, the structure group 
GL{H) reduces to a non contractible group, namely the group EIIq{M, E) of zero order invertible elliptic 
operators acting on these sections. 

This opens a road to many questions, such as finding a criteria for the weighted first Chern form and 
higher order forms to be closed, investigating the holonomy group which we expect to be non trivial 
because of the reasons mentioned above. This article yields a geometric setting in which such questions 
make sense for a class of Hilbert manifolds beyong the example of loop groups. It confronts this approach 
with other approaches in the specific case of loop groups. 
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1. Weighted traces on the algebra of (classical) P.D.Os 



In [KV 1], the authors introduced a new trace type functional TR on operators in PDO{M, E) with order 

in ao 7L where oiq is some non integer complex number called the canonical trace. Avoiding integer 
orders has to do with the fact that a positive homogeneous distribution on R"/{0} of non integer order 
can be extended in a unique way to a positive homogeneous distribution on M" [H]. In this section we 
first briefly recall the construction of this trace TR and some of its properties. We use this trace as a tool 
to build linear functionals of pseudo-differential operators which we call "weighted traces" and to study 
some of their properties. Such functionals were also considered in [MN] to prove a pseudo-differential 
generalization of the Atiyah-Patodi-Singer index theorem. For the sake of self-containedness, we recall 
the proof of this fact. We refer the reader to Appendix A for notations and basic facts concerning pseudo- 
differential operators. 

• The Kontsevich and Vishik canonical trace 

Let us first describe the general lines of the construction in a heuristic way. For a (classical) pseudo- 
differential operator locally given by: 

Au{x) := / a{x,^)iL{^)d4 
where aA{x,^) is the (locally defined) total symbol (see Appendix A), we would like to define 

"TR{A):= I I tr^aA{x,^)d^dvol{xy 

which in general does not make sense since a{x,^) typically has components of degree > —dimM. It 
however does make sense for an operator of order < —dimM and yields the ordinary trace. We should 
therefore find a way of only picking up the finite term in such an expression. 

Let us consider a classical P.D.O A of order a with symbol a = X^jLo '^'^a-j + '^{n) ( see [Sh] for a 
discussion about such assumptions on the symbol) where aa-j € S°'~^{R"'), a(^N) G ^""^"-^(IR") and 
where ^' is a smooth function on IR" which is zero in B{0, i) and equal to 1 on R" - B{0, i). Since 
^(iv)(0 = 0(1^1"-^) we have /^(o.fl) ^(iV)(0'^C = J^. a^N)^^ + OiR"+^-''). On the other hand, 
splitting the integrals /b(o,h) *(Ta-j(C)rf^ = /b(o,i) ^(Ta-j{x,(.)d^ + Ib{o,r)/b{o,i) '^(^a-j{x,Od^, we use 
the fact that <Ja-j is homogeneous of order a—j to express the last integral. If a is an integer then there 
is an integer jo such that a — jo -\- n = and we have for N > jo- 

N „ Af 



V / *a„_,(x,Ode = E / / r'^-^+"-'aa-jix,Od^dr 

^ 1 _. /• f 

~K^oo / :R°' I aa-j{x,^)d4 -\- logR / a_„(a;, ^)(i^ + constant term. 



j=0,n+a—j^O 

Finally this yields the existence of an asymptotic expansion in — > +oo and of a constant (w.r.to R) 
C{a{x, ■)) such that 

/ a{x,^)di 
Jb(o,r) 



N 



V — ^ / aa.j{x,Od^ + logR f a.n{x,m + C{a{x, ■))■ 



j=0,Ti+a— 

Because of the logarithmic term in i?, one does not expect the finite part 



f.p. ( [ a{x, Od^) = LIMr^^ [ a{x, 
KJr" J Jb{o,r) 
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to be invariant under a change of variable of M". However if the ordca- a is not an integer, there is no 
logarithmic divergence and f.p. /j^„ (j{x, ^)d^ is independent of the local representation a{x, of A: 

Proposition [KVl, 2] (see also [Le] in Prop. 5.2): Provided A s PDO{M,E) has non integer 
order: 

TR{A) := trE^ {j'^'^j^n ^^"^^0 '^'"'^^''^ ^^'^^ 

where a a is the symbol of A, is well-defined and satisfies the tracial property: 

TR{[A, B]) =0 e PDO{M, E), B G PDO{M, E), such that ord{A) + ord{B) ^ TL. 
Here trs^ denotes the trace on the fibre E^ of the bundle E above the point x. 

The linear functional TR coincides with the usual trace for P.D.Os of order with real part strictly smaller 
than minus the dimension of the underlying manifold the operators are acting on. TR is in fact a trace 
functional i.e TR[A, B]=0 for any A,B e PDO{M, E) such that ordA + ordB G(D-7Z (see Proposition 
3.2 in [KV2]). 

• A fundamental property of the canonical trace 

Following Kontsevich and Vishik. wo shall call a local family Az G PDO{M, E) with distribution kernels 
(locally) weakly holomorphic if the following conditons are satisfied: 

(i) The order az of Az is (locally) holomorphic in z, 

(ii) The kernel Az{x,y) of A^ is (locally) holomorphic in z for x,y in disjoint local charts, 

(iii) Given any local chart U on M, the homogeneous components aA^,a^-jix, ||| ) of the symbol {x, ^) 
are (locally) holomorphic functions in z on the restriction to U of the cotangent sphere bundle S*M. 

(iv) When x and y belong to a common local chart U, the difference between Az{x, y) and the truncated 
kernel J2^=o I Pi\^\)'^^^,a^-ji^' O^-^PiH^ ~ Vi C/d^ of class C''^'^^ for some A;(A'') increasing with A'' tends 
to a (locally) holomorphic kernel on U x U when N —>■ oo. 

In (iii) the topology on the space of symbols is given by the supremium norm of the symbol and its 
derivatives and in (iv) the convergence is to be understood in the sense of weak convergence of distributions 
[KVl]. 

The following property of the canonical trace plays a fundamental part in these notes: 
Fundamental property(scc [KV2] Proposition 3.4 and [KVl] Th.3.13) 

For any (local weak) holomorphic family A{z) of classical P.D.Os on M, z € U C (D, ordAz = ci{z) where 
a is holomorphic and a' does not vanish, the function TR{Az) is meromorphic with no more than simple 
poles at z = m G U CiTL. 

• Wodzicki residue 

Applying the fundamental property to the family A^ := AQ~^ where Q G EII*^'^^q{M , E) , A e 
PDO{M,E) leads to the notion of Wodzicki residue [W] (see also [K] for a review): 

res{A) := ordQ ■ ReSz=oTR{A'^) (1.2) 

which is in fact independent of Q. This can be carried out for any operator Q e EII'^^^^q{M, E) which 
might not be injcctivc, replacing it by the operator Q + Pq in the above formulas so that A'^ = A{Q + 
Pq)~^ where Pq denotes the orthogonal projection of Q onto its kernel which is finite dimensional since 
Q is elliptic and the manifold closed. The projection is orthogonal for the inner product on the space 
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C°°{M, E) of smooth sections of E induced by the hermitian structure (•, •)x on the fibre over x & M 
and the Riemannian volume measure /U on M: 

{a,p):= [ dfiix){a{x),pix))^ W,peC°"iM,E) 

The Wodzicki residue defines a trace functional on the algebra PDO{M, E) of classical P.D.Os and 
vanishes for any classical P.D.O with non integer order. Since res also vanishes on a smoothing operator, 
it induces a trace functional on the symbol algebra of PDO{M, E) [W]. It is in fact the unique trace 
functional on PDO{M, E) provided M is connected and has dimension > 1. 

An important feature of the Wodzicki residue we need to keep in mind here is that it vanishes on any 
trace-class operator as can easily be checked from the above definition. 

Kontsevich and Vishik (see [KV2] see (3.16)) furthermore show that, given a local weak holomorphic 
family of operators of order a{z), the poles of TR{Az) at entire points are expressed in terms of 
Wodzicki residues: 

Res,=mTR{A,) = res {<j{A^-^m)) ■ (1-3) 



• The weighted trace 

The fundamental property leads yet to another linear functional on the algebra PDO{M, E) which is 
not a trace but interesting all the same because it does not vanish on trace class operators for which it 
coincides with the ordinary trace. 

Given Q G Ell*'^ q{M, E) of order ordQ, we call the Q -weighted trace of an operator A G PDO{M, E): 



tr^{A) :-- 



TR{AQ-') - \ res{A) 
ordQ • z 



(1.4) 

z=0 



Here again, this extends to the case when Q is not injective setting: 



tr'^{A) :-- 



TE(A(Q + P,)-^)--A_.e.(A) 



(1.5) 

z=0 



where as before Pq is the orthogonal projection onto the kernel of Q. 

Warning! To simplify notations, we shall often assume that Q is injective subintending that when it is 
not, one should replace Q by Q + Pq. 

As we shall soon see, although refered to as weighted traces here, these functionals do not satisfy the 
tracial property tr'^ [A,B] =0 and hence do not deserve the name "trace" . We shall all the same keep to 
this abusive terminology which turns out to be very convenient. 

• Dependence on the weight 

Unlike the Wodzicki residue, it generally depends on the choice of Q. The dependence is intrinsically 
infinite dimensional since it is measured in terms of a Wodzicki residue. Indeed, let Qi,Q2 be two 
operators in -£'/Z*^^^q(A'/, E) with same order q, applying the fimdamental property and (*) to the (locally 

around zero) holomorphic family A( ^ ^ ^ ) of order a{z) := ordA — zq, we find (see Prop. 2. 2 in [KV2]): 

ir^i (A) - iA) = lim TRiAi ^^''^"^' )) , ^ 

^ ' ^ ^ ^ ^ z " (1.6) 

= • res[^A{ljogQ\ - logQ-i)) 



which is well defined since logQi — logQ2 lies in PDO{M, E). 
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However when the underlying manifold is odd dimensional and for any odd-class classical P.D.O A with 
integer order, the TR-generalized zeta function z TR{AQ~^) is regular at and tr'^{A) obtained as 
the limit when z ^ of these expressions is independent of the choice of Q (see [KVl] Prop. 4.1 where 
it is denoted by Tr(_i)). This limit can be seen as an extension of the canonical trace to operators with 
integer orders. 

Although weighted traces are not tracial, they have a useful covariance property: 
Lemma 1 

Let C e PDO{M, E) be injective and bounded. With the same notations as above, we have: 

ir^"'«^(A) = tr'^iCAC-^). (1.7) 

Proof: For G (D with real part largo enough, we have: 

TR{A{C-^QC)-') = TR{AC-^Q-'C) 
= TR{CAC-^Q-'') 

where we have used that TR is tracial. Taking the renormalized limit then yields the result. • 
2. The Radul cocycle as a coboundary of the weighted trace 

In this section we investigate the coboundary of the weighted traces introduced above. We show how the 

cocycles obtained in this way relate to the Radul cocycle which arises in geometric quantization [M2]. In 
the context of regularized determinants, it is related to the multiplicative a,nom,aly [DJ. This cocycle was 
already investigated in [MN] where the authors express the coboundary of weighted traces in terms of a 
Wodzicki residue (see [MN] Lemma 13). 

We shall need some definitions of Lie algebra cohomology (see e.g. [Ml] ). 

• Lie algebra cohomology: Let L be a Lie algebra and V an L-module (the action of L on y is denoted 
by a "dot"). A cochain of degree n ( or n-cochain) with values in V is an antisymmetric multilinear map 
c : L X L X ■ ■ ■ X L {n times) — > V. Let C^{L, V) denote the space of all n-cochains and let us define the 
coboundary operator: 

5:C"(L,1/)^C"+Hl',l^) 

(dV')(x'i,a;2, • • ■ ,Xn+i) = X^(-l)'^-'c"([a;i, a;^], xi, x^, • ■ ,Xn+i) 

i<j 

n+1 

+ ^{-'^y^^Xi ■ c"{Xi, Xi-i,X^+i, • • • , Xn+l) 

i=l 

Taking V =(D with the trivial zero action of L on (D, a; • 2; := for any x £ L, z G(C we have : 

{Sc'^){xi,X2, • • • , Xn+l) = ^(-l)*+^c"([a;i, Xj],xi, - ■ ■ ,Xi, - ■ ■ ,Xj, - ■ ■ , x„+i). 

i<j 

In particular S'^ = . An n- cocycle is a cochain of degree n with vanishing coboundary. Let us denote 
by B"{L,V) the set of n-coboundaries, by Z'^{L,V) the set of n cocycles and let us call H'^{L,V) := 
Z"(L, y)/B"(L, V) the n-th cohomology space. 

• The weighted Radul cocycle on PDO{M, E) 

We now apply this construction to L := PDO{M, E) and the 1-cochain given by a weighted trace. 

Let Q e EII*'^^q{M, E). The Q- weighted traces tr^ do not satisfy the cyclicity property thus leading to 
a cocycle given by its coboundary: 

c%{A, B) := 6tr'^{A, B) = tr'^[A, B] VA, B e PDO{M, E) (2.1) 
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which we call the Q-weighted Radul cocycle. This terminology is justified on the grounds of the following 
proposition which relates to a more familiar expression of the classical Radul cocycle. 

Proposition 1 

(i) For any A e PDO{M,E) the operator [logQ,A] lies in PDO{M,E). 

(ii) For any A,B € PDO{M, E) we have: 

cliA^B) = -^^^^res{[logQ,A]B) = \imTR{Q-'[A, B]). (2.2) 



Remark 

This relation expresses the algebraic obstruction preventing a weighted trace from being tracial in terms 
of a Wodzicki residue, which is a trace of purely infinite dimensional type. 

Proof. 

(i) We first check that [logQ, A] lies in PDO{M, E) if the order ordA of A is strictly positive. 

[A, logQ] = [A ■ logQ - logQ ■ A) 

Since the difference of two logarithms of PDOs of same order is a P.D.O, this proves that if the order 
of A is strictly positive then [ZogQ, A] is a P.D.O. Now if A has negative order, let k = ^"q^^q^"^ - Then 
setting P = Q'^ we have that P is of order equal to |orrf^| + 1 and we have: 

P{AlogQ - (logQ) A) = Q'^A logQ - logQ Q^A 
= [Q'^A.logQl 

which by the previous results applied to Q'^A which has strictly positive order, shows it is a P.D.O. 

(ii) For Rez large enough we have: 

TR{Q-'[A, B]) = TR{[Q-\ A]B) + TR{[A, Q'^B]) 

= TR{[Q-', A]B) + TR{[AQ^ , Q^B]) 
= TR{[Q-^,A]B). 

In the same way we have: 

TR{Q-^[A, B]) = TR{[A, B]Q-^) 

= TR{A[B, Q-"]) + TR{AQ-'B - BAQ^") 
= TR{A[B,Q-'])+TR{[AQ^,Q^B]) 
= TR{A[B,Q-^]). 

Appplying the fundamental property and (*) to the family z~^[Q~^,A]B of order a{z) = —z ■ ordQ + 
ordA + ordB we find: 

limTi^([g-^A]B) = i^es^=oTi^(^-l[Q-^A]S) 

2— >0 

1 / d 
-res 



- {[Q-\A]B) 
dz/z=o 

res{[logQ,A]B). 



ordQ \ dz /z=o 
1 

ordQ 



In a similar way we have: 



lunTR{A[B,Q-']) = --^res{A[B,logQ]). 

This proposition shows that the Q-weighted Radul cocycle generahzes the usual Radul cocycle obtained 
for a{Q) = 1^1 [CFNW] (see formula (24)), [M2], [R] (see formula (41)), [KK] (see formula (1)). In this 
particular case, the Radul cocycle was also considered in [KV2] in relation to multiplicative anomalies for 
determinants of elliptic operators (see also [D]) but it was later considered for more general operators Q in 
[MN] and proved (see Lemma 13) to be a coboundary in the Hochschild cohomology of pseudo-differential 
operators. As a consequence of the above proposition, the weighted Radul cocycle vanishes on the algebra 
of odd-class P.D.Os with integer order whenever the underlying manifold is odd dimensional. 

To each (D- valued cocycle corresponds a central extension (see e.g [Ml], [Ki], [Rog]) which we shall 
denote by PDO{M,E)Q := {(^, A),^ e PDO{M,E)} with Lie bracket: 

[{A,X),{B,f,)f := ([A,B],4{A,B)). 

In other words we have the exact sequence of Lie algebras: 

^ € ^ PDO{M, E)'^ PDO{M, E) ^ 

Two such extensions PDO{M,E)'^^ and PDO{M,E)Q^ are equivalent since for Qi,Q2 G Ell+*{M,V) 
the cocycles c^^ and c^^ are cohomologous. Indeed their difference 

Cfl - cf = res {{logQi - logQ2)[; ■])) 
is the coboundary of the 1 cochain A res {{logQi — logQ2) ■)• 

Since the difference of two logarithms is a zero order P.D.O, this latter 1 cochain is a particular example 

of a family of cochains parametrized by the algebra PDO^{M, E) of operators in PDO{M,E) of order 

zero: 

res^ := res{P •) (2.3) 

where P is a zero order P.D.O. The coboundary {A,B) res{P[A, B]) does not vanish in general. The 
case when P = e{D) is the sign of a self-adjoint operator D gives rise to Mickelsson's res' linear functional. 

3. A weighted Schwinger functional 

In this section D denotes a self-adjoint elliptic operator acting on smooth sections of a vector bundle 

E with strictly positive order. An example of such a bundle is given by the spinor bundle over an odd 
dimensional spin compact manifold M and the operator D by the Dirac operator on M. 

Adopting notations which are frequently used in the context of geometric quantization, let e{D) := 
D + Pd{\D\ + Pd)^^ denote the sign of D which defines a classical P.D.O. of order 0. The operator 
Q:= |i?|liesin Ell+,^,{M,E). 

• A Schwinger functional 

We define the Schwinger functional: 

PDO{M,E) ^(D 

{A,B) - c^{A,B) := ltr\^\{e{D)[e{D),A][e{D),B]). ^^'^^ 

The terminology "Schwinger functional" is motivated by the fact (as we shall see later) that on some 
subalgebras of PDO{M, E) it coincides with the usual Schwinger cocycle. 
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A straightforward computation yields: 

c§{A, B) = trl^l ([A e{D)]B) = tr'^l {A[e{D), B]). 

Let us introduce the Hnear functional 

PDO{M,E) 

A^tr^iA) := irl^l(ep)A) 

which we call the signed weighted trace of A. As before the terminology "trace" is not appropriate here 
since this functional does not in general have vanishing coboundary. 

Proposition 3 

Let S be a subalgebra of PDO(M, E). The following conditions are equivalent (all the cocycles are Lie 
algebra cocycles): 

1) Cg is a 2-cocycle on S, 

2) Cg is an antisymmetric bilinear form on S, 

3) The bilinear map 

{A, B) ^ 4j,{A, B) := frl^l [e{D)A, B] 

defines a 2-cocycle on S, 

4 ) cf^jf is an antisymmetric bilinear form on S, 

5) For any A, B £ S we have: 

res<''\A,[log\D\,B]]=0, (3.2) 

Provided one of these conditions is fufilled, the following relation holds: 

'^TR ~ = Str^ 

so that the cocycles c|?^ and Cg are cohomologous. 
Remarks 

1) c^ji{A,B) coincides with -2c'{A,B) defined in (2.11) of [M2]. 

2) Part 5) of this proposition shows that the obstruction to the cocycle property of the various functionals 
involved arises as a residue res'^'^^^[A, [log\D\, B]]. Here again the obstruction is therefore purely infinite 
dimensional. 

The following definitions and the lemma below will be used in the proof. 
We shall set: 

CTRiAB) :=irl^l[Ae(£>),S] 

and 

„D , ~D 
CTR - ^ . 

Lemma 2 

c^niB, A) = -c^r{A, B) V^, B e PDO{M, E) 
so that Cyjj is antisymmetric. Moreover 

-c^^{A,B) = 5tr^{A,B) + \ (tr\^\ {[e{D) , B]A) - Tr\^\{[A,e{D)]B) 
= ^Str^{A,B) + ^trl^l (Ae(D)S - Be{D)A) 
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where Str^ denotes the coboundary of the signed weighted trace in the Lie algebra cohomology. 
Proof. Let us first see how c^^ transforms when exchanging A and B. 



ci^j,{A,B)=tr\''\[e(D)B,A] 

= tr\'^\{t{D)BA- Ae{D)B) 
= -tr\^\{Ae{D)B - BAe{D)) 
= -tr\^\[Ae{D),B] 
= -c?^{A,B) 



Prom this it follows that c^^j is antisymmetric. The second statement then easily follows from Lemma 2 
and the definition of cSr,: 



c!^j,{A, B) = - {cJ}^{A, B) - c!^j,{B, A)) 

= \ {cM,B) - c,{B,A)) + \ {tr\^\\e{p\B\A - tr\^\{\e{p\A\B)) 
= cf (AS) - \ (trl^l([.(7^),5]A + frl^l([A,e(Z))]5)) 
= icf + \ (tr\^\Ae{p)B - Be(p)A)) . 



c^{A,B) = -c§{B,A) 

^tr\^\{A[eiD),B]) = -tr'^l (B[ep), ^]) 
^ irl^l [Ae{D), B] = tr^^^ [A, Be{D)] 
^~4r{A,B)=ctr{A,B) 
^-c^!i{B,A)^CTR{A,B) 



where we have used the result of Lemma 2. 

3) <^ 4) : The implication from left to right is clear since a 2-cocycle is antisymmetric. Let us prove the 
other implication 4) =^ 3) which amounts to showing that when ctr is antisymmetric it defines a cocycle. 
Since is antisymmetric, we have c^jj = c^^j = c^jj. By Lemma 2, it is sufficient to show that w 
defined by oj{A,B) = Tr\^\A€{D)B — B€{D)A) has vanishing coboundary Su. A direct computation 
yields: 



Su{A, B, C) = c?j,{A, [Be{D), Ce{D)]) + c?j,{B, [Ce{D), Ae{D)]) + c^^(C, [Ae{D), Be{D)]) 



Su{Ae{D),Be{D),CeiD)) = 4niAe{D), [B,C]) + c!^j,{Be{D), [C, A]) + c^j,{Ce{D), [A,B]) 

= ci^niMD), [B,C]) + ~c^R{Be{D), [C,A]) + £?«(Ce(7?), [A,B]) 
= irl^l [A, [B, C]] + Trl^l [B, [C, A]] + Tr'^l [C, [A, B]] 
= 

Since any P.D.O A can be written A = Aie{D) where Ai = Ae{D) is a P.D.O, the result follows. 



Proof of proposition 3: 

2) 4) : A straightforward computation yields: 



from which follows that: 
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4) <^=> 5) : Since this computation is similar to the one used in the proof of Lemma 2 we shall skip some 
intermediate steps here. Let d denote the order of D and let us set / := log\D\. 



hence 



-d ■ c^niB, A) = -d- cl^' {e{D)B, A) 
= res{e{D)[l,B]A) 

= res{e{D)A[l, B]) - res{e{D)[A, [I, B]]) 
= -d ■ c?j,{B, A) - res{e{D)[A, [I, B]]) 
= d ■ c^j,{A, B) - res{e{D)[A, [I, B]]) 



c^^{B,A)+c^^{A,B) = -i .res((7(e(l?)[A [l,B\])) 



and Ctr is antisymmetric if and only if condition (3.2) is satisfied. 

so that cf^Yi is antisymmetric if and only if res{e{D)[A, [Z,-B]]) = for any A,B in the algebra under 

consideration. 

1) <^4> 2) ; Only the implication from right to left is non trivial. To prove it, we use Lemma 2 once again 
by which we have: 

c^^{A, B) = \5tr^{A, B) + ^Trl^l {Ae{D)B - Be{D)A) . 
On the other hand, since Cg is antisymmetric, we have: 

c§{A,B) = \tr\^K<D) [[e{D),A], [e{D),B]] . 
Then a direct computation yields: 



B) = -l{6tr^){A, B) + itr'^l {Ae{D)B - Be{D)A) 

Hence 



^TR ~ ^5 — 5tr^ 

Prom this identity follows that, provided Cg and are cocycles, then they are cohomologous. 
• The algebra PDO{M, E)^^^ 

Let us introduce a subalgebra PDO{M, £^)^^of PDO{M, E) the definition of which is close to the algebra 
Qres (they coincide up to the fact that we require the operators to be P.D.Os) which plays a substancial 
part in geometric quantization techniques (see e.g. [PS]): 

PDO{M,E)^^^ = {AgPDO{M,E), ordA<0 ord{[A, e{D)]) < -^^} 
= g^,,^PDO{M,E) 

where as before dimM is the dimension of the underlying manifold and where ordA denotes the order 

of the operator ^. Rere g^^, := {A e B{L'^{M, E)), [A,e{D)] is Hilbert Schmidt} where L2(m, i;) 
is the closure of the space C°° {M, E) of smooth sections of E for the inner product induced by the 
hermitian structure on E and the Riemannian volume measure on M as above, B{L^{M, E)) denoting 
the algebra of bounded operators on this Hilbert space. 

An immediate consequence of Proposition 3 is the following Corollary: 
CoroUctry 1 
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Let S be a subalgebra of PDO{M,E). If S is stable under the map A — > [Zo^lDI, A] i.e if 

A€S ^[log\D\,A]€S (3.4) 

and if moreover 

res{e{D)[A, B]) =0 VA, S e <S (3.5) 
hold on the subalgebra S, then so does relation (R) and c;^^ and Cg define cohomologous cocycles on S. 
Corollary 2 

On the algebra PDO{M, E)^^^ the Schwinger functional coincides with the usual Schwinger cocycle and 
^TR usual twisted Radul cocycle and we have: 

Proof We need to check that PDO{M,E)^^^ fulfills assumptions (3.4) and (3.5) of Corollary 1. As 

before we set I := log\D\. Since [e(_D), [/, ^4]] = [e(Z?), A]] , the order of [e(i3), A]] is the same as 
that of [e(D), ^] so that if A lica in PDO{M, -E)^^, so does [I, A]. Hence assumption (3.4) is satisfied on 
PDO{M, -E)^s- An easy computation yields: 

res{e{D)[A,B]) = -^res{e{D)[[e{D),A],[e{D),B]]) 

which vanishes on PDO{M, E)^^^ since it is the trace of an operator of degree strictly smaller than 
—dimM, the operator e{D) being of order and the operators [e{D),A], [e{D),B] being both of order 
strictly smaller than —ill^M._ Hence assumption (ii) is satisfied on PDO{M,E)^^g. Corollary 1 implies 
that both Cg and are cocycles on PDO{M, E)^^^ and that they are cohomologous. 

On PDO{M, E)^^^ the cocycle cf reads: 

c^{A,B) = ^trieiDMD),AMD),B]) 

where now tr is an ordinary trace and it therefore coincides with the usual Schwinger cocycle see e.g 
(according to the author, the definition might change by a constant factor) [CFNW], [PS], [M2], [S]. 

The expression of c^^ in terms of a residue obtained in section 1 (Proposition 1) yields 

c^j,{A,B) = -J^res{[log\D\,e{D)A]B) 
thus relating c^^ with Mickelssons [M2] twisted Radul cocycle (they coincide up to a factor —2). 

4. Cocycles and group representations 

Given D G EII^-^j^^q{M , E), we have a natural polarization of the space H = L'^{M, E) given by: 

H = H+{D)®H_{D) 

where H+{D) = ■k+{D){H), H_{D) = n-{D){H), n+{D) = 7r_(Z)) = nlMllA. Notice that 

with this choice for e(Z?), tt^ID) is 1 on KerD and 7r_(D) vanishes on KerD. Of course wc could have 
chosen the other convention namely tt-{D) to be —1 on KerD and Tr+{D) to vanish on KerD. In this 
polarization, let us write an operator A e PDO{M, E) as a matrix: 

A++ A+. 
A_+ 
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Since e{D) 



1 
-1 



we have 



s{D),A] 











The operator e{D) being a P.D.O, the operator 







A+- 




is also P.D.O. 



For D e EII^-^^^q{M,E) we introduce the following bilinear functional: 

: PDO{M,E) ^(D 

(AS) ^trl^l([A++,B++] - [A,B]++). 



(4.1) 



On PDO{M, E)Pgg it coincides with the Lie algebra cocycle corresponding to a central extension of the 
group: 

G^^, = {A€GL{H),A+_ and A_+ are Hilbert-Schmidt} (4.2) 
as described in [PS] (6.6.5). 

The Schwingcr functional Cg not being antisymmetric in general (since according to proposition 3 it then 
becomes a cocycle), it is natural to introduce a mean Schwinger functional in a similar way to what we 
we did for the twisted Radul cocycle: 



c§{A,B) := 



c§{A,B)-c§{B,A) _ Ijj, 



= -frl^l MD),A],[e{D),B]]. 



D . 
res ' 



Lemma 3 

Let D e EIII-^^^q{M, E), let A G PDO{M, E), B e PDO{M, E). Then 

2X'^{A, B) = 2trl^l {B+-A-+ - A+-B-+) 

= c§{A, B) - c^^l (A+_ , B_+) - cif I (A_+, B+_) 

Furthermore is a cocycle on PDO{M, E)^^^ and the following relation holds on PDO{M, E) 

\c'i{A,B) = X''{A,B) 

= TR{A-+B+- - A+-B-+) 
^\TR{e{D)[e{D),AMD),B]) 

confirming form,ula (6.6.6) of [PS]. 

Remark : Although the individual components A^ , A ^, A of the two by two matrix of A in the 

polar decomposition might not be P.D.Os, c|^'(A_| ,iJ |_) = fr'^'[A_| |_] and c|^'(A \-,B^ ) = 

frl^i[A are well defined since these are weighted traces of operator brackets which are P.D.Os 

as projections of operator brackets of P.D.Os of the type [[e(-D), A\, [e{D), B\\. 

Proof. Let \is start with the general case. The first equality follows from a direct computation and the 
definition of the weighted Radul cocycle. The second equality follows from the fact that 



A+_B_+ - B+_A_+ 








e{D)MD),A],[e{D),B]] = - 
since this yields: 

c^{A,B) = 2trl^l(A+_B_+ - B+_A_+) + c^f l(B+_, A_+) + cif l(B_+, A+_). 
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When considering the case oi PDO{M,E)P^^, the Radul cocycles c^^\b+_,A_+) and c'^l(B_+, 

vanish since ,A are Hilbert-Schmidt and the weighted traces trl^l become ordinary 

traces TR. This completes the proof. 



Noting that [e{D),A] = 
we shall set: 



-[e{D), A]* is equivalent to A^_ = -A'^_^_ for an operator C : H+{D) H_{D) 



-c* 

C 



Lemma 4 

LetDe EIII-^^^q{M,E), let A: H+{D) H_{D), B : H+{D) H_{D) such that j {A) e PDO{M,E), 
andj{B) e PDO{M,E). Then 

c^{jiA),j{B))=Sitr^){jiA),jiB)) 

= 2tr^^^{B*A-A*B)+c^^\A,B*)+c^^\A*,B) 



Proof. Since [e{D),j{A)] = -2j{A) we have: 



c^ij{A),j{B)) = \tr^mD),j{A)],[eiD),j{B)]] 

= tr^{\j{A),j{B)]) 
= cf{j{A),m) 



tr. 



D 



-A*B + B*A 

-AB* + BA* 

\D\, 



= 2tr'^{B*A-A*B)+c'^\A,B*) - c^^^{B,A*) 
= 2tr^{B*A -A*B)+ c^^^A, B*)+c^^^ {A*, B) 



On the grounds of this proposition we set for two operators A, B such that A*B & PDO{M, E): 

uj^{A,B) = -itr\'^\{A*B - B*A). 

u>^ relates to the mean Schwinger functional cs as follows: 
Corollary 3 

Let A : H+{D) H_{D) and B : H+{D) H_{D) be operators such that j(A) and j{B) lie in 
PDO{M,E). Then 

c^{j{A),j{B)) = 2ico''{A,B) + c^^^{A,B*)+c^^\A*,B). 
Whenever A and B are Hilbert-Schmidt, then 

c^ij{A),j{B)) = 2ia;^(A,B) = 2tr{A*B - B*A) 

where tr is now an ordinary trace. 



5. Geometry on weighted bundles 

• Weighted vector bundles 

We shall say that a Hilbert space H lies in the class CH whenever there is a compact boundaryless compact 
smooth Riemannian manifold M, a finite rank smooth vector bundle E based on M and s > ^HgM g^ch 
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that H = H^{M, E). Typically, letting G be a Lie group and Lie{G) be its Lie algebra, the Lie algebra 
H'iM, Lie{G)) of the Hilbert current group H'{M, G) lies in CH. 

Let C£ be the class of Hilbert vector bundles £ X based on a (possibly infinite dimensional) manifold 
X with fibres modelled on a separable Hilbert space H in the class CH defined previously and with 
transition maps in PDO{M, E) when H is the space of sections in some Sobolev class of a vector bundle 

E based on M. 

CX denotes the class of infinite dimensional manifolds X with tangent bundle TX in C£. Since the 
transition maps are bounded, they correspond to operators of order and since they are invertible, they 
are in fact elliptic operators of order zero so that they lie in Ell{M, E). 

To illustrate this setting let us give examples of manifolds, resp. vector bundles in the class CX, resp. 
C£. 

• Examples 

i) Finite rank vector bundles lie in the class C£. To sec this we take a manifold M = {*} reduced to 
a point *, the bundle E to be trivial of the type {*} x E,'' (or {*} x (D'' if the bundle is complex). The 
transition functions belong to Ell({*},E) = GZd(]R) ( or Gld(<D) if the bundle is complex). 

ii) If G denotes a Lie group and s > ^il|M ^ then the current group H"^ {M, G) is a Hilbert Lie group and 
can be equipped with a left invariant atlas <p^{u){x) := 6X^^(3,) (u(a;)) Va; e M, V7 e H^{M, G) where 
exp^(^x) is the exponential coordinate chart at point 7(2;) induced by a left invariant Riemannian metric 
on G. The transition functions arc given by multiplication operators which indeed are P.D.Os. 

iii) More generally, let N bo a Riemannian manifold, then the space (M, N) is a Hilbert manifold with 
tangent space at a point 7 given by H'^{M,j*TN). This manifold, which is modelled on i?*(M, M") 
where n is the dimension of N, can be equipped with an atlas induced by the exponential map exp^ on 
TV in a similar way to the above description, a local chart being of the type (t)y{u){x) = exp^i^,^,^{u{x)). 
The transition functions are locally given by multiplication operators and hence define PDO's. 

• Bundles of operators 

Let £ he a G°° vector bundle in the class C£ based on a manifold B and let it be modelled on a separable 
Hilbert space H. For any b £ B we shall denote by PDOb[£) the class of operators acting densely 
on the fibre £>, above b such that for any local trivialisation ^ : £\uj^ ^ Ui, x H around b the operator 
(f>^A{b) (j){b)Ah(f){b)~^ (where (f){b) : £1, ^ H (obtained after localizing it using smooth cut-off functions) 
is the isomorphism induced by the trivialization) lies in PDO{M, E). This definition involves local charts 
but it is in fact independent of the choice of local chart. Indeed, for another local chart {U, if)) we have 
^'"^(6) = V'(^) ° (t>^ Ab(j){b) o tp{b)~^, and since the transition functions ^(6) o (j){b)~^ are given by 

classical P.D.Os, the condition (j)^A G PDO{M, E) is independent of the choice of (j). In a similar way, 
the notion of order defined by the order of the P.D.O in the local chart, does not depend on the choice 
of local chart. 

We shall also denote by Ellb{£) the class of operators Ai, acting densely on £h such that for any local 

trivialisation </> : £/Up UpXH around b the operator (6 : £/Ub UbxH around b the operator, {(j)^ A){b) 
lies in Ell{M, E). Here again, the definition involves a choice of local chart but is in fact independent of 
that choice. Indeed, the principal symbol being multiplicative and using the characterization of ellipticity 
in terms of invertibility of the principal symbol, one easily checks that the condition (j)^A € Ell{M, E) is 
independent of the choice of 4>. 

This gives rise to two bundles PDO{£) := U&es PDOb{£) and Ell{£) := (Jj^^^j Ellb{£) with fibre at 
point b given respectively by PDOb{£) and Ellb{£). 

Notice that when £ is a bimdle of finite rank, we have PDO{£) = Hom{£) and Ell{£) = GL{£) since 
the underlying manifold M reduces to a point and the vector bundle to a vector space, namely the model 
space of £. 

• Weighted traces 
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A weight on a smooth finite rank vector bundle in the class C£ is a smooth section of Ell{£) of operators 
with constant order which is locally a positive self-adjoint (elliptic) operator. If £ has finite rank, it is 
simply given by a section of GL{£) which locally is a positive self-adjoint operator and hence corresponds 
to the choice of a Riemannian metric. 

If the base manifold is cither locally compact and a countable union of compacts or if it is a paracompact 
Hilbert manifold modelled on a separable Hilbert space, then it has a smooth partition of unity [L] 
and such a global section can be built up patching up local sections of Ell{£), i.e maps from an open 
neighborhood in the base manifold B to Ell{M, E) (this construction is similar to the one that gives the 
existence of a Riemannian metric under the same conditions). 

Let £ €C£ he modelled on H. We define the weighted pseudo-trace of a field of operators: 

T{PDO{£)) r{X, ]R)(or T{X,(C)) 

locally; in a local chart {U, cj)) it is defined by the (/)''-weighted pseudo-trace tr'^^'^{(j)^A) of (j)^A. Although 
the definition involves a choice of local chart, because of the covariance property it is in fact independent 
of this choice. Indeed if cj) and if) are two local charts around x and if we set C := ip o in formula 
(1.7), we have: 



(5.1) 



Remark 

Looking back at definition (1.3), strictly speaking, in order to make sure the field Pq of orthogonal projec- 
tions is smooth, we should assiime that KerQ has constant dimension. This is an artificial difficulty which 
comes from the specific construction of the zeta function renormalization since it involves taking complex 
powers of an invertible operator {Q + Pq)~^ . However, bearing in mind that the heat-kernel renormaliza- 
tion only involves the exponential e~*^ and the fact that Lim.z^otr{A{Q + Pq)~^) = Lim^^otr{Ae^'^'^) 
(which can be shown via the Mellin transform), we see that the jumps in the dimension of the kernel of 
Q do not affect the renormalized trace. Prom now on, we shall assume that Q is invertible, otherwise one 
just replaces Q hy Q' := Q + Pq where Pq is the orthogonal projection onto the kernel of Q. 

• Variations of weighted traces 
Proposition 4 

Let {£, Q) he a weighted vector bundle equipped with a connection V and let a, f3 be two PDO{£) valued 
forms on the base manifold of £. 

1) 

tr'3([a, 13]) = \-res{[logQ, a](3) (5.2) 

ordQ 

2) Provided both \V,logQ] and [V, a] are sections of PDO{£), we have 

\V,tr^^\{a) := dtr'3(a)- =ir'3([V,a]) = %-res{a ■ ,logQ]). (5.3) 

ordQ 

Here ordQ denotes the (constant) order of the field of elliptic operators Q . 
Proof 

(5.2 ) follows from Proposition 1 (compare with (2.2)) 

As in the proof of Proposition 1, to prove (5.3) we use the fundamental property of the canonical trace 
TR. Let us first consider a smooth (for the natural topology on classical P.D.Os induced by the topology 
of uniform convergence in all derivatives on the classical symbols) one parameter family of operators 
At G PDO{M, E) with constant order a and a smooth one parameter family Qt e EII'^^^^q{M, E) (for 
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the natural Frechet topology on PDO{M, E)) with constant order q, t varying in ]0, 1[. Applying formula 
(1.3) to Az := "^°Wt ^ Qo ) ^jjj ^iiich case a{z) = a — qz) and then going to the limit when t — > yields: 

^ fr«'(Ao) = -ires(^o^ logQt). 
dt/t=o q dt/t=o 

let us now also consider a l-parameter smooth family (At) of P.D.Os of constant order, then: 

^ trQ^{At)=tr'^"{^ At) ^ ^—res{Ao^ logQt). 
at /t=o at /t=o ordQo at /t=o 

Similarly, given any local trivialization around a point 60 in the base manifold B oi £, we have: 

dtr'^ia) = tr^(da) \-res{a ■ dlogQ). (5.4) 

ordQ 

Let us write V = d + ^ in this local trivialization. Since by assumption [V,a] is a section of PDO{£), 
we have that locally da + [6, a] G PDO{M, E) and hence, since da G PDO{M, E) as the differential of 
a P.D.O, we conclude that [9, a\ also lies in PDO{M, E). Applying the first part of the lemma yields: 

tr'^{[e, a]) = \-res{[logQ, e]a). (5.5) 

ordQ 

Combining (5.4) and (5.5) we find: 

dtr'^ia) = tr'^ida) \-res(a ■ dlogQ) 

ordQ 

= tr'3([V, a]) - tr^{\9, a]) ^res(a • dlogQ) 

ordQ 

• 

= ir'2([V, a]) + —T^res{[logQ, e]a) ^r-es(a ■ dlogQ) 

ordQ oraQ 

= ir«([V,a]) - ^res{a[VMgQ]). 

• Ricci curvature on weighted manifolds 

Let X E CX be equipped with a Levi-Civita connection such that for any tangent vector fields U, V 
the map: 

R^{U, V):W ^ 9.'{W, U)V e T{TX) 

is a section of PDOiTX) where Q,^ denotes the curvature of V'^. Then, given a weight Q on X we can 
define the Q- weighted Ricci curvature: 

rf'Q --tr^l^RX). (5.6) 

Since tr'^ coincides with the ordinary trace on trace-class operators if X is finite dimensional, it then 
coincides with the ordinary Ricci curvature. 

• Weighted first Chern form on Kahler manifolds 

Let us now assume X e CX is Kahler and let V'^ be the a Kahler connection, let Q be a weight on X. 
In a similar way, provided that for any holomorphic tangent vector field U and for any antiholomorphic 
tangent vector field V the map ([/, V) is a section of PDO(TX), we define the Q-weighted first Chern 
form: 

rf ''^ iU,V):= tr^ (fi^ {U,V)) (5.7) 
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where 51"^ denotes the curvature of V"^ . If X is finite dimensional, it coincides with the ordinary first 
Chern form. 

Unhke the first Chern form on a finite dimensional manifold, it is not closed in general. This follows from 
the following proposition: 

Corollary 4 

Let (X, V"^) be a Kdhler manifold eqXipped with a weight Q and let ordQ be the (constant) order of 
Q. Then, provided [V^ JogQ] is a PDO{TX) valued one form and provided the curvature Vt^ is a 
PDO{TX) valued two form, we have 

drf = -^re5([V^,io5g]f7^). (5.8) 

Proof: Applying Proposition 4 to a := Q.^ , we find: 

rftrQ(n^) = ir«([V^,0^]) - ^-res(0^[V^,/05g]) 

Of Qi\c^ 

^ res{n^[V^ ,logQ]) 



ordQ 

where we have used the Bianchi identity [V^, O^] =0. • 
• Remark 

Prom Kuiper's results [Ku] on the contractibility of the unitary group of a separable Hilbert space, we 
know that the orthonormal frame bundle 0{E) of a herniitian vector bundle with fibres modelled on a 
Hilbert space, is topologically trivial. This is the case for the class of manifolds we are investigating, 
and from this topological triviality one might expect that whenever the first Chern class is closed, teh 
corresponding characteristic class should vanish. This is not the case as we shall see shortly in the case of 
current groups, but in our setting the non triviality seems to come from the fact that we restict ourselves 
to P.D.Os. Indeed, the holonomy bundle is a reduction of the frame bundle and for a manifold X in the 
class CX (recall that we only allowed transition maps which were P.D.Os) modelled on the Hilbert space 
H := H^{M, E) for some s > i^H^M^ tJ^e structure group of the frame bundle is 

GL^"{H) := GL{H) n PDO{M, E) = GL{H) n Ell{M, E) = Ell^{M, E) (5.9) 

where EIIq{M,E) denotes the group of invertible zero order elliptic operators acting on sections of E. 
But it is a well-known fact that the pathwise connected component of identity of EIIq{M,E) has a non 
trivial fundamental group isomorphic to Kq{S*M) where S*M is the unit sphere in the cotangent bundle 
of M (see Appendix B). 



6. Weighted Lie groups 

In this section, we apply the constructions and results of the previous section to the case of weighted 
Lie groups, thus preparing for the next section where we will specialize to current groups. Here Q is an 
infinite dimensional Hilbert Lie group in the class CX with Lie algebra Lie{Q) = H^{M,E) (for some 
s > i^H2^ and some hermitian vector bundle E based on some manifold M). 

• Left invariant weights 

A natural weight on Q is given by a left invariant field of operators 

Q{j) := L^^QoL^;' V7 e ^ (6.1) 

where Qo G EII'^^^^q{M, E) is any weight on the Lie algebra Lie{Q) and where L^ denotes left multipli- 
cation. 
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As a consequence of Proposition 4 we have: 
Corollary 5 

Let V he a left invariant connection on Q induced by a left invariant one form 6q S Lie{Q)®Hom,{Lie(Q)). 
Then, given a left invariant p-form u on Q which we identify with wq e AP{LieG) <8) PDO{M, E), we 
have: 

[V,ir'3](a;) := dtr'3(a;) - ir«([V,a;]) = -tr'^''{[0o,uJo]) = -^res{[logQo,eo]uJo) 

oraQo 

where the bracket is an operator bracket so that [^o, '^o](-'^i ^ir " ^ ^p) = [So{X),^o{^i, • • • , ^p)]- 
Proof: Recall that for a left invariant p-form a on ^ we have: 

da{Xi,- ■ ■,Xp+i) = ^{-iy+^ a{[Xi, Xj], Xi, ■ ■ ■ , Xi, ■ ■ ■ , Xj, ■ ■ ■,Xp+i) 

i<j 

whereby the X^s arc left invariant vector fields. Applying this to q = tr^iu) and a = w and then taking 
the Q-weighted trace yields dtr^{Lu) = tr^{diij). Hence 

[V,tr«](a;) := dtr'^iu^) - ir«([V, w]) 

= -tr'^{[eM) 
= -fr«°([^o,a;o]) 

res{[logQQ,6Q]ijQ). 



ordQo 



• Diagonal weights 

Let us now consider the particular case when E is a trivial bundle E = M x V where F is a finite 
dimensional hermitian vector space. We can restrict ourselves to (left invariant) diagonal weights, meaning 
by this that: 

Qo := Qo O ly (6.2) 
where ly is the identity opertor on V so that (6.1) reads: 

Qij)=L^,{Qo0lv)L-^'. (6.3) 

In that case, for a left invariant p-foim induced by wq as in the above corollary we have: 

tr'^{u!) = tr^"{ujQ) 

= Lim^^otr{ujo{Qo + PQ„y) 

^ Lim,^otr{ujo{Qo + Pg^y" <E)l) (6.4) 
= Limz^otr{{Qo + Pq try {oJo)) 
= tr'^"{trv{iOo)) 

where try denotes the finite dimensional trace on the Lie algebra V. Hence, provided try (oJo) is itself a 
trace-class operator (i.e a P.D.O of order < _*22M) then 

tr'^iuj) =tr{trv{coo)) (6.5) 

(where tr is an ordinary trace) is independent of Qo- This is the type of situation we shall be working 
with in these notes. Since there is no weight dependence in that case, we can choose any operator Qo 
and in particular the Laplace operator A on the Riemannian manifold M. 

7. The case of current groups 
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We now specialize to the cnir rent group H'{M, G) {s > of W maps from the compact Riemannian 

manifold M to a semi-simple Lie group G of compact type (which ensures that the Killing form is non 
degenerate and that the adjoint representation ad on the Lie algebra is antisymmetric for this bilinear 
form). H^{M,G) is a Hilbert Lie group with Lie algebra H^{M,Lie{G)) where Lie{G) denotes the Lie 
algebra of G so that the current group H''{M, G) is a manifold in the class CX, the underlying finite rank 
vector bundle E being trivial since E = M x Lie{G) and we equip H'^{M, G) with the left invariant and 
diagonal weight Q (see (6.2) with V = Lie{G)): 

Q(7) := L^{Q ® lLie{G))L-^ = (A ® ^^^(G)) V7 € H\M, G). (7.1) 

• A left, invariant metric 

The operator Qo := A (g) lLie{G) is an elliptic operator of order 2 acting densely on H''{M, Ue(G)). It is 
positive for the scalar product 

{■,-)o-= dvol{x){-,-)Lte{G) (7-2) 
JM 

where {■,-)Lie(G) is a scalar product on Lie{G) given by minus the Killing form. H'^{M,G) is equipped 
with a left invariant metric defined in terms of the following scalar product on i?*(M, Lie{G)): 

(■,-)o := ((Qo + Pqo)*-,(Qo + Pqo)^-)o. (7.3) 

• The Levi-Civita connection 

The corresponding the Levi-Civita connection is a left invariant connection V" = d + where 6'" is a left 
invariant Hom{H''{M, Ue{G)) valued one form on H^{M, G) given by a map 6*0 : Lie{Q) Hom{UeQ) 
(see [Fl] formula (1.9) up to a sign mistake): 

ei{U) = i (adu + {Qo + PqJ-'aduiQo + PqoY - {Qo + fQo)"'«'^(Qo+PQo)»f/) (7-4) 

where U is an element of the Lie algebra H^{M, Lie{G)). 

• The curvature 

The curvature is a left invariant two form given by an element fig G A^{H''{M, Lie{G))®Hom{H'^{M, Lie{G)): 
%{U, y) = A ei{U, V) = [e^U), e^V)] - 61{[U, V]) U,V & H%M, Lie{G)). (7.5) 

Warning 

We shall henceforth identify left invariant forms with forms on the Lie algebra H''^{M, Lie{G)) so that 
for left invariant fields X,Y induced respectively by elements Xo,Yo £ H''{M,Lie{G)) we have 9''{X) = 
^g(Xo) and Q.'{X,Y) = %{Xo,Yo). 

D.Preed shows ([Fl] prop. 1.14) that for smooth X,Y & H^{M,Ue{G)) the map 

R''{X,Y) : Z n''{Z,X)Y 

is a pseudo-differential operator (with Sobolev coefficients) of order max{—l, —2s). Freed in fact proves 
the result for smooth X and Y but his proof easily extends to the case when X,Y £ H^{M, Lie{G)) 
since it involves a counting of the order of the operator {X, Y) which is independent of the degree of 
regularity of its coefficients. Notice that for s G |N — {0}, we have max{—l, —2s) = —1. 

We further quote from [Fl]: 

Lemma 5 
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For X,Y e H^{M,Lie{G)) the operator tr 1^1^(0) R'^iX.Y) is a classical pseudo-differential operator of 
order —2q where q = min{l,2s) and where as before trnf,(^Q) denotes the finite dimensional trace on 
Lie{G). 

Proof: We refer the reader to [Fl] Proposition 1.18 where this result was proven in the case when 
X,Y eC°°iM,Lie{G)). • 

• The Ricci curvature 

Following the general procedure described in section 5, let us define a weighted Ricci curvature on the 
Lie group H^{M, G) and compare it to that of [Fl]. 

For any diagonal weight Q, as a consequence of (6.5) we have: 

i?zcc^'«(X,y) ■.= tr'i{R%X,Y))=tr^o {trLieiG){R%X,Y))) . (7.6) 

Hence provided min{l,2s) > i^^22M^ using Lemma 5 we can write: 

Ricc'^'^{X,Y) = tr{trLieiG){R'{X,Y))) (7.7) 

wher tr is now an ordinary trace, since in that case, trLie{G){R^{XjY)) is trace-class. This holds in 
particular for any loop group H^(S^,G) with s > 5. 

It is easy to check that in that case and for any left invariant weight Q the Wodzicki residue res{R^{X, Y)) 
of the operator R^{X, Y) vanishes and that the Q- weighted Ricci curvature is given by an ordinary limit: 

Ricc'^^{X, Y) = lim^^Q{TR{R'{X, F)Q-^)) (7.8) 
however this limit depends on the choice of Q. 

• The case when s is an integer and M is odd dimensional 

There are some cases for which the Q-dependence vanishes; we shall need a preliminary lemma to single 
them out. 

Lemma 6 

For two left invariant vector fields X,Y on H^{M,G) and s e N the operator R^{X,Y) lies in the 
odd- class. 

Proof 

From the expression of the Levi-Civita curvature (7.5) one sees that the operator R^{X,Y) is built up 
from compositions and linear combinations of operators in the odd class provided Qo is in the odd class, 
since adx and adX both lie in the odd class since they arc built up from multiplication operators. Since 
for any integer s, the operator Qq does lie in the odd class and since the product of odd-class operators 
lies in the odd class, the result follows. 

Proposition 5 

When the underlying manifold is odd dimensional and s is an integer, the (left invariant) weighted Ricci 
curvature on H'^{M,G) equipped with the left invariant connection (7.4) is independent of the choice of 
the weight Q among operators in the odd class and we have for any two left invariant vector fields X and 
Y on H'{M,G): 

Ricc^'^^iX, Y) = TRodd{R'{X, Y)). (7.9) 

Proof : 

As we saw in section 1 (formula (1.6)), the dependence on the choice of Q is measured in terms of a 
residue since for two weights Qi and Q2 we have: 

tr'^'{R'{X,Y)) - tr'^^R'{X,Y)) = -q-^ {res{R'{X,Y){logQi - logQ2))) 
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where q is the common order of Qi and Q2. If both Qi and Q2 he in the odd-class so does logQi — logQ2 
(see Proof of Proposition 4.1 in [KVl]), and since R^{X,Y) also lies in the odd class, the operator 
R'^iX, Y){logQi — logQ2)) lies in the odd-class. Thus in odd dimensions its Wodzicki residue vanishes. • 

There is a priori no reason for a similar property to hold for s = 5, which is the case we shall be focusing 
on in the following. The Q-weighted Ricci curvature will in general depend on the choice of Q. 

8. The case of the based loop group He{S^,G) 

We now specialize to the case when M = and 5=5, applying the results of the previous section to a 
based loop group. Notice that for s = 5, maps are not even continuous in that case, and in practice, 
one works with e > in order to have continuous objects. 

The space H^{S^,G) C H^{S^,G) of G valued loops with value ea at a given point, where cq is the 
identity element in G. It is a Hilbert manifold with Lie algebra the based loop algebra Hq{S^ , Lie{G)) 
of maps in the loop algebra which all coincide at point 0. G) is equipped with an almost complex 

structure, for which the metric is in fact Kahler when s = ^ [Fl]. We equip it as before with a left 
invariant diagonal weight Q, the operator Q being the same one used to define the connection 9^. 

• An almost complex structure on Hi {S^, G) 

We introduce a Dirac operator Dq = z-^ = — (with z = e**) acting on G°°{S^,<C) and we set 
Do := Do (g) lLie{G) = z-j^ ® lije(G)) D denoting the left invariant field of operators generated by Dq. We 

shall choose Qo := Dq = A (g) lLie{G) where A is the Laplacian on functions, to define the left invariant 

diagonal weight Q. Dq is injective when restricted to based loops and the sign e(I?o) ■— -Do|-Do|~^ of the 

1 

Dirac operator is a pseudo-differential operator of order which yields a conjugation on Hq (S^, Lie{G)) 
since e(Do)^ = 1- We have the sphtting: 

H := H^{S\Lie{G)) = H+®H- (8.1) 

where 

H+ := Ker{e{Do) - 1) = 7r+ (^H^ {S\ LieiG))) 

and 

H_ := KerieiDo) + 1) = 7r_ (^H^ {S\ Lie{G))^ . 

1 

Here 7r_|_ and 7r+ are the orthogonal projections w.r. to the scalar product (•, •)q defined in (7.3) 7r+ := 

e(Do) + l _ -e(go) + l 

2 '"- • 2 

The set {u„(t) := e™*,n e 2Z} yields a C.O.N.S of eigenvectors of Dq corresponding to the set of 
eigenvalues {A„ := n, n S 7L}. Then the set {^^(i) := e*"*,n € IN} spans and the set {u:^{t) := 
e~'"*,n e N} spans H-. The map Jo defined by Jqu^ := —iu^, Jou~ := iu~ or equivalently by 
Jo := ie(Do) obeys the relation Jq = —1 and yields a natural almost complex structure on H for which 
the (1,0) part iJ^'" := Ker{J + i) coincides with iJ+, the (0, 1) part iJi^° := Ker{J - i) = H+ with 

H^. By left invariance of the metric on Hq (S^, Lie{G)), this gives rise to a left invariant almost complex 

1 

structure J(7) := L^JoL~^ on the Lie group Hi {S^,G). 

1 

• The Kahler connection on Hi {S^ , G) 

1 

Hi {S^,G) is equipped with a left invariant symplectic (hence closed see [Pr]) form: 

oj{X,Y) := [\x'o,Yo)dt 
Jo 
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where X,Y arc two left invariant vector fields generated by Xq^Yq and where the "prime" denotes 
derivation with respect to t. One can check that the invariant bilinear form given by B{X, Y) := ^{X, JY) 

yields back the Sobolev metric given by (7.3). The associated left invariant hermitian form reads: 

((•,.))f :=(-,e(Do) ■)1={D,;-)^.. (8.2) 

where we have used the fact that e(£>o)oQo = e(-Do)|-Do| = -Do and where denotes the L"^ 

hermitian product. Hence S is a Kahler form on the manifold H^{S^,G) equipped with the left 
invariant Riemannian metric given by (7.3) and the left invariant complex structure J defined above. 

As a consequence, the Levi-Civita connection on Hi{S^,G) is Kahlerian, meaning by this that 
[Wi,J]=0. 

Since commutes with J, 6^ defined in (7.4) (with s = i ) stablizes each of the spaces H_^_ and H_. 
Its restriction to 

defines a left invariant the (complex) Kahler connection (p. In the next lemma we use the splitting 
H = ® H- to write any operator A e Hom{HQ {S^,Lie{G)) as a matrix: 

A++ A+- 
A-+ A— 

Following [Fl] we introduce the Toplitz operators Tx ■= {adx)++, X € H. 

Lemma 7 

For U G H+, 

4>{U) = D-^TuD. 

For V € H_, 

0(F) = Ty. 

Proof: 

1) For U e we have \Dq\U = DqU. Hence, setting U = a ^Si a, V := p ^ b, a, P € Hi{S'^,(D), 
a,b € Lie{G), we have: 

\Do\-^adiDo\uV = \Do\-\Doa)(3 ® adab 

= \Do\-'^Doiap) (8> adab - \DQ\-^aDoP adab 
= \Do\-^Doadu - \Do\-^aduDQ 
= e{Do)adu - \Do\~'^aduDo. 

Inserting this into (7.4) yields: 

ei{U) = ^{adu + \Do\-^adu\Do\ + \Do\-^aduDo - e{Do)adu) 
which, when restricted to and using (8.3) leads to: 

(f>o{U) = Tr-adu\H+ + \Do\~'^aduDo\H+ 
= Dq^TuDo 

since adu stablizes i?+ for U e 
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2) For V e l-Dol^ = —DqV and hence in a similar manner as above we have: 

\Do\~^ad\jj^\v = IDol'^adyDo - e{Do)ady 

which yields in turn: 

ei{V) = ^{ady + e{D)adv - \D\-'^adyD + \D\-^ady\D\). 

When restricted to i?+ and using (8.3), this reads: 

ct>iV) = 7T+ady^^^ =Ty. 

9. The first Chern form on H^{S^,G) and the cohomology of PDO{S'^,Lie{G)) 
• The first Chern form on Hi {S^ , G) 

The curvature (which also stablizes ) is given as in (7.5) by: 

n{x,Y) := [0(x),<^(y)] -</.([x,y]) = (f]^(x,y))''°. (9.1) 

Prom [Fl] (see Remarks above Theorem 2.20 ), we also know that fl{X, Y) is a classical pscudo-diffcrcntial 
operator of order —1 and hence that it is not trace-class. However trnp(^Q^Q{X,Y) being of order —2 
(sec [Fl] Remarks above Theorem 2.20), is trace-class. Wc now define the weighted first Chern form on 

Hi {S^,G) according to (5.7) where the weighted Kahler manifold here is {Hi {S^,G), Q): 

Here the complex cm-vature is given by (9.1) and the trace is taken w.r. to the hermitian metric. If the 
weight is diagonal then 

rf = tr{trLieG^)- 

This follows from (6.5) and shows our definition of weighted first Chern form coincides (with a good 
choice of the weight) with the "two step trace" used by Freed [Fl] to make sense of the trace of the 
curvature (see Theorem 2.20 in [Fl]). 

In fact only the (1, 0) part Q^'^ := Q++ of Q comes into play in the expression tr'^{Q,) since fl is the (1, 0) 
part of 05. Before we give an expression of the first Chern form, we need wome preliminary results. 

Lemma 8 

For the diagonal weight Q on H^{S^,G) chosen as in (7.1), we have 

tr^{4>{Z)) = yZ eH^ {S\Lie{G)). (9.2) 

Proof: It is sufBcient to establish the formula for Z of the type 7 (g) c G if*(M, ]R) Lie{G). If 
Z = 7 (g) c e H-, then (1){Z) = {adz)++ and hence (compare with (6.5)) 

tr^im) = trQ{{adz)++) 

= Lim^^otr ((arfz)-F-F<9o ^ ® liie(G))) 
= Liruz^otr [{MjQq^ (g) adc)++) 

= tr^°{Mj)++trLieG{adc) 
= 
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since adc is antisymmetric. denotes the mnltiplication operator by 7 and Lim the renormahzed hmit. 
Here we have used the fact that Qq stabUzcs H+. 

If Z G H+, then (j){Z) = D-^TzD = D-\adz)++D and 

tr^{D-\adz)++D) = tr^{{adz)++) = 0. 

Proposition 6 

1 

Let He {S^ , G) be equipped with a left invariant diagonal weight Q. The Q -weighted first Chern form, is the 

pull-back by (p of the Qo Radul coeycle c^" on PDO{S^ , Lie{G)) and coincides with Freed's conditioned 

i_ _ 
first Chem form [Fl]. For any X,Y G Hq {S^,Lie{G)) induced by Xq € and Yq e iJ_ we have: 

r?{X,Y)=cf{<l>{X),<l>{Y)) (9.3) 

where tr denotes the ordinary trace and was defined in formula (4-1)- 

Proof: The first term in the expression (9.1) of the curvature is a bracket of P.D.Os so that taking the 
weighted pseudo-trace yields tr^° [^{X), (f){Y)] = c^°{^{X), (f){Y)). The trace of the second term in (9.1) 
vanishes by lemma 7 and we find 

rf{X,Y)=trQ{n{X,Y))=trQ'>mX),4>{Y)]=cf{ct>{X),^{Y)) 

as announced. 

Before we go on to the next proposition, let us recall various ways of expressing the Killing form on the 
Lie algebra Lie{G): 

{a,b)L,e{G) = t'rLie(^G)iadlada) 
d 

= -t'rLie(G)[a; •]] 

= -trLie(G)[b, [a, •]]• 
where Ci,i = 1, ■ ■ ■ ,d varies in an O.N.B of Lie{G). 

Proposition 7 

The map: 

ad : C°°{S\Lie{G)) ^ C°°{S\ Hom{Lie{G))) 
X := ^ anz" adx = ^ ada„z" 

ne'ZL ne'ZL 

extends to a map: 

ad:H^S\Lie{G))^g^es 
with the notations of (3.3) replacing M by and E by the trivial bundle X Lie{G). In particular, 
[adx]^ and [adx] h ^-^^ Hilbert- Schmidt operators on L'^{S^ , Lie{G)). 

Proof: (this proof is close to that of proposition 6.3.1 in chapter 6 of [PS]) 
For 6 G L , g G S and X = Y.ne7^ ^ C°°(S'i, Lie(G)) we have: 

adx{bz'i) = adaAb)z''+'' 

n&TL 
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so that adx is represented by an S matrix with entries adxp^q = cidap_g € H orn{Lie{G)) . Wc compute 

the Hilbcrt-Schmidt norm of [adx^ denoted by || • \\hs- We shall use the fact that for a S Lie{G) we 

have ||ac?a||//s = where this last norm is the one corresponding to the Killing form. 

dirnLie{G) 

\\adx+-\\ls=Yl E 

^f<0 i=l 

dimLie(G) 

= E E i^da,_,ih)z^,ada,_^{h)zn 

p>0,q<0 i^l 

dimLie{G) 

= E E {ada^-Abi)'ada^-A^i))Lie{G) 

p>0,q<0 i=l 

= hdxp,gfHS 

p>0,q<0 

= Y^k\\adakfHs 

k>0 

= E^Kii' 

fe>0 

where (bj)j=i,...,dimiie(G)) is an orthonormal basis of Lie{G). In the same way, we have: 

||adx_+||l,5 = ^Kinfc|. 

k<0 

From the above expressions of the Hilbert-Schmidt norms of adx^ and adx i-, it follows that these are 

Hilbcrt-Schmidt whenever X^fcez; l^llkfelP finite. But this is the condition for X to lie in H^{S^,L). 

• The first Chern form in terms of the Kdhler form 

Recall that the exterior derivative of a form can be expressed in terms of a Wodzicki residue (see (5.8)). 

Unlike in the finite dimensional setting, here the weighted first Chern form rf might therefore not be 
closed. The following proposition shows that it relates to two closed forms, the Kahler form ui on the one 
hand (this fact had already been shown by Freed) and the pull-back by the adjoint representation of the 
cocycle on the other hand. 

Lemma 9 

The pull-back ad*X^ of the cochain defined by (4-i) is closed on Hi{S^,Lie{G)). 

Proof: By Proposition 7, we know that ad takes its values in g^^^. On the other hand Ad is indeed a 
cocycle on g^^^. Combining these two facts yields, for three left invariant vector fields X, Y, Z: 

5{ad* A^ ) {X, Y, Z) = ad* A^ ( [X, Y],Z)- ad* A^ ( [F, Z] , X) + ad* A^ ( [Z, X] , Y) 
= 5\^{adx, ady, adz) 
= 

where 6X^ denotes the coboundary of A^. 
Proposition 8 

The first Chern form is given by: 

rf{U, V) = ad*\^{U, V) = -iw{U, V) 



27 



for U,V e H2{S\Lie{G)) and it is a closed form. Here u) is the symplectic form on Hi {S^ , G) defined 
in section 8. 

Proof: From the results of Proposition 7 combined with the description of given in Lemma 3, we 
know that X^{adu, ady) = tr^ady^ adu |_ — adu^ ady ^) is an ordinary trace and hence it reads: 

X'^ {adu , ady) = ^ {{ady_^__adu -+z'^Ci,z'^Ci) - {adu+-ady_^z'^Ci,z'^Ci)) 

geN,i=l,---,d 

where Ci,i = l,---,d varies in an O.N.B of Lie{G). Since L'^{S^ ,Lie{G)) is spanned by elements of 
the type z"a,n € 21, a S Lie{G), it is snfEcicnt to compute this last sum for U = z'^a, V = z~Pb, 
a, be Lie{G), n e7l,p e7L. For g e IN, c G Lie{G) we have: 

ifn + g>0 

^ ' [a, cj^"+' if n + q<0 

and 

( J \ ( q \ _ if n + q>Oovn-p + q<0 

[ady)+-[adu)-+[z c)- n + g<0 and n-p + q>0. 

In the same way 

(ad-) (z^r)- ° -p + q>0 

and 

/ J \ / ^ \ t Q \ if -p + g>Oorn-p + g<0 

(adc;)+_(adv)_+(^ c)= j^^j^^^jj^„_p+, if -p + q<Q andn-p + «>0. 

Finally this yields (since the only non vanishing terms correspond to n — p = 0): 

X^{adu, ady) = - ^ {[a, [b, Ci]]z^, Ciz'^) 

0<q<n,i=lj---,d 

= -ntrLie(G){c ^ [a, [b,c]]) 
= n{a,b)Lie{G) 
= -iuj{z"-a, z-"-b) 
= -iuj{U, V) 

which yields the result. 

A similar computation [Fl] (see Theorem 2.20) shows that the weighted first Chern form can be expressed 
in terms of the symplectic form co and yields the result. 
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Appendix A. Classical elliptic pseudo-differential operator 

This Appendix gives a brief presentation of the basic tools in our framework, namely classical pseudo- 
differential operators and particularly elliptic ones, their logarithms and their complex powers. Classical 

references are [GJ, [Se], [Shj. 

• The symbol set 

Let U be an open subset of R''. Given a e (C, let us denote by S"{U) the set of complex valued smooth 
function 

satisfiying the following property. Given any compact subset K of U and any two multiindices 7 = 
(7I) ■ ■ ■ ) 7d) € IN'', 6 = {Si, - ■ ■ ,6d) € N** , there exists a constant Ca,i3{K) such that 

An element of S°'{x) is called a symbol of order a. Let S-™{x) denote the set of symbols of order < m. 
The principal part of the symbol a € S"{x) {or principal symbol ) is defined as follows: 

a„ = lim -— — . 

A smoothing symbol is a symbol in 



S-'^{x) = Pi S^-^{U) 



feeN 

and the relation 

(T~CT<^o--aeS'-~([/) 
defines an equivalence relation on S{x). 

A symbol of order a is called a classical symbol if there exist (Ta-j G S°'~^{x), j € IN such that: 

00 
3=0 

which are positively homogeneous, i.e 

aoc-j {x, t^) = t^-^aa-j {x, ^) Vi e 1R+. 

Following Kontsevich and Vishik [KV 1], we shall say that a classical symbol lies in the odd-class if the 
positively homogeneous components cTc-j are moreover homogeneous i.e: 

a^.j {x, t^) = t"-^ac,-j {x, ^) yt e H. 
• From symbols to pseudo- differential operators 

To a symbol a € S°'{U) we can associate the pseudo-differential operator (P.D.O.) with symbol a defined 
by: 

A : C^{x) ^C°°(]R'') 



U ^ Au{x) = J e'^-^^a{U, OH^d^^ . 
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where C^{U) denotes the space of complex valued smooth functions with compact support in U. The 
principal symbol of A is given by the principal part ap{A) of its symbol a {A). If the symbol is classical, 
we shall call the corresponding P.D.O classical. The set of classical P.D.Os of order a (resp. < m) is 
denoted by PDO'^{U) (resp. PDO^"'{U)). 

A smoothing P.D.O. is an operator in 

PDO-°°{U) = Pi PD0--^{U) 
feeN 

and there is an exact sequence: 

^ PDO-°°{U) PDO^'^iU) S^'^iU) 0. 



An ordinary differential operator of order m £ IN is defined by a polynomial symbol (the polynomial 
being of order m) in ^: 

m 

=^afe(a^)^''• 
j=o 

A differential operator is local i.e u = Au = 0. But a pseudo-differential operator, because of the 
smearing produced by the Fourier transform, is not local. It is only pseudo-local i.e if u is smooth on an 
open set U then Pu is also smooth on any open subset V dU. 

The various classes of symbols introduced previously induce corresponding classes of pseudo-differential 
operators. A classical pseudo- differential is a P.D.O such that its symbol has components given by classical 
symbols and an odd-class classical P.D.O is a classical P.D.O such that its symbol has components given 
by symbols in the odd class. Notice that ordinary differential operators with integer order provide 
examples of P.D.Os in the odd class. 

• pseudo- differential operators acting on sections of vector bundles 

The notion of pscudo-diffcrcntial operator can be carried out to operators acting on sections of vector 
bundles. Let tte '■ E ^ M , np '■ F ^ M he two smooth vector bundles with rank rs and rp respectively 
based on a smooth manifold M with dimension d. An operator 

P : r{M,E) r{M,F) 

acting from the space T{M, E) of smooth sections of E to the space r(M, F) of smooth sections of F is 
called a pseudo-differential operator of order a if given a neighborhood of any point m € M, there is a 
local trivialization i.e a morphism: 

: (;/,[/ xC^,?/ xC'^^) ^ iM,E,F) 

where U is an open subset of U^, the induced hnear map (jy^A : C^(U. U x (C^) ^ C^{U, f/ x (C^) has 
a symbol a{4)^A) e C°°{U x R^) ® MrE.rpi^) with matrix components in 5"(C/). Here Mk,i denotes 
the space of k x I matrices with coefficients in (C. It is a classical P.D.O if ct(<^U) is a classical symbol. 
These definitions involve a choice of trivialization but can be shown to be independent of this choice. 

a{(j)^A) is called the (formal) symbol of A and is only defined locally. However its principal part ap{^^A) 
is independent of the choice of coordinate charts and is therefore defined globally. We shall denote it by 

ap{A). It is called the principal symbol of the P.D.O. 

Let us denote by PDO°'{M, E, F) the space of all classical P.D.Os of order a and by PDO^'^{M, E, F) 
the space of all classical P.D.Os of order < m. When E = F,we shall denote these spaces by PDO°' (M, E) 
(resp. PDO^"' {M, E) ) and when E is the trivial bundle M x(D by PDO°'{M) (resp.P£)0^'"(M)). The 
symbol set S-"^{M,E,F) is defined by the exact sequence: 

^ PDO-°°(M,E,F) ^ PDO^"'(M,E,F) ^ S-"'{M,E,F) ^0 
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where PDO-°°{M, E, F) := nfe>o PDO^-''{M, E, F). 

When M is compact, their is a notion of product of two pseudo- differential operators and 

PDO{M,E):= y PDO-"'{M,E) 

rue's: 

defines an associative algebra. 

From now on we shall assume M is a smooth compact manifold without boundary. 
•Admissible elliptic pseudo-differential operators 

Let E and F be as before two finite rank vector bundles based on a smooth manifold M. When rs = rp a 

pscudo-difFcrcntial operator P : r(E) ^{F) of order m is called elliptic if its principal symbol Up (a;, ^) 
is an invcrtiblc matrix for ^ ^ 0. Let Ell{M, E) denote the set of elliptic classical P.D.Os. 

Let us denote by EII*^j^^q{M, E) the class of invertible elliptic operators of strictly positive order. Since M 
is compact the spectrum spec{A) of such an operator consists of isolated eigenvalues with finite multiplicity 
[Sh]. There is therefore a disc Dr of radius R> Q around the origin which docs not contain any point 
of the spectrum. Wc shall say that A has spectral cut Lg if there is a ray = {A G (C, arg\ = 6'} in the 
complex plane which docs not intersect the spectrum of A. Such an operator will be called admissible and 
we shall denote by Ell*'^f^{M, E) the set of such admissible operators. Any invertible elliptic operator 
with strictly positive order such that the matrix given by its principal symbol has no eigenvalues in some 
non empty conical neighborhood A of a ray in the spectral plane is admissible since in that case at most 
a finite number of eigenvalues of the operator are contained in A [Sh] . 

Let us introduce some notations. EII^-^^^q{M , E) , resp. Ell^^^^^^M , E) denotes the set of self-adjoint, 
resp. positive self-adjoint elliptic operators with strictly positive order. Adding an upper index * re- 
stricts to injective operators so that EIII^-^^q{M, E), resp. EIII^^^q{M, E) denotes the set of self-adjoint 
injective, resp. positive self-adjoint injective elliptic operators with strictly positive order and we have 
following inclusions: 

Eli:+,^,{M,E) c ElCX>o{M,E) c ElCT,{M,E). 

• Complex powers and logarithms of elliptic operators 

Let A G EliyQ'^"^{M, E) with spectral cut Lg. For Rez < 0, the complex power Ag of A is a bounded 
operator on any space (M, E) of sections of E of Sobolev class defined by the contour integral: 

^0 = ^1 X'{A-XI)-'dX 

where Tg = T^^g U T^^s U T^^g T^^g = {A = re'^r > R},r2,9 = {A = i^e^^0 > <P > -0}, Ts^g = {A = 
^gi(e-27r)^ ^ > R}. Here A^ = exp{zlogX) where logX = log\X\ + iO on ri,^ and logX = log\X\ + i{e - 27r) 
on Ts^g. 

This definition is independent of the choice of R but depends on the choice of and yields for any 
2 G (D an elliptic operator Ag of order z ■ ord{A). When z = —k,k G IN, then A^ coincides with 
of order —k ■ ord{A). When M is Riemannian, E is hermitian and A is essentially self-adjoint, 
then Ag is independent of the choice of 6 and coincides with the complex powers defined using spectral 
representation. 

In the following we shall focus on operators in Ell^^,^^f^{M ^ E) in which case we shall use the principal 
branch of the logarithm, taking 9 = tt and simply drop the mention 0. 

For arbitrary k ^TL, the map z — > defines a holomorphic function from {z G (C, Rez < k} to the space 
of bounded linear maps C{H''{M, E) jjs-kordA^^j^^ £gj, ^^^^ g g R and we can set: 

logeA= ^A^g 
oz " 
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which defines a (non classical) P.D.O operator of zero order and hence a bounded operator from H'^{M, E) 
to H^~'^{M, E) for any e > and any s e M. In local coordinates (x,^) on T*M, the symbol of logeA 
reads: 

(^iogoA{x, = ord{A)log\^\Id + a classical P.D.O symbol of order 0. 

Hence, although the logarithm of an injective elliptic classical pseudo-differential operator with admissible 
cut Lg is not itself a classical pseudo-differential operator, for two operators A e Ell*'^f^{M, E), B e 
Elll'^°f^{M,E) admitting spectral cuts Le and L^: 

logeA log^B ^ 



ordA ordB 



€ PDO'^iM, E). 
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Appendix B 

In this appendix, we recall why the first fundamental group of EIIq'^{M, E) is non trivial, where Elll'^{M, E) 
denotes the pathwise connected component of identity in the group of invertible zero order elliptic P.D.Os. 

E denotes a finite rank vector bundle based on a compact boundaryless Riemannian manifold M equipped 
with a connection V. We keep the notations of Appendix A. To begin with, let us describe the topology 

on Ell*{M, E). 

•A Frechet structure on the algebra of P.D.Os and their symbols 

The space SPDO{M, E) of symbols of classical pseudo-difFcrcntial operators is a Frechet space when 
equipped with the following family of semi-norms labelled by multiindices 7 £ IN'', d G IN'' and i G 
{l,---,N},k€ N: 

where is the homogeneous component of order k, {V^i}i=i,...,Ar is a finite open cover (with Vi compact) 
of M associated to a partition of unity {Vj,^j}i=i^.,,^jv on M subordinated to some finite open covering 

{Ui}i=l,...,N- 

This topology combined with natural somi-norms on kernels of compact operators, induces a Frechet 
structure on the space of classical pseudo-differential operators PDO{M, E) via the identification of 
operators with their symbol up to a smoothing operator (see [KVl] section 3) 

•From elliptic operators to their principal symbols 

Let SpEIIq{M, E) denote the group of principal symbols of operators in Ell*^{M, E) and let EII*q^\M, E), 
resp. SpEliy^{M,E) be the pathwise connected component of identity of these topological spaces. 

Lemma 

Iii{SpElll^°{M,E)) = Ui{Ell*Q°{M,E)). 

Proof: We show that Elll'^{M,E) and SpEll*'^{M,E) have same homotopy type. The result then 
follows. 

Let 

/ : Eli;'"{M, E) -> SpEli;'"{M, E) 
A^(jp{A). 

The connection on E and the metric on M give a canonical way of assigning to a symbol cr, an operator 
Op{(j{A)){u){x) with same principal symbol (see e.g. [BML] page 188 and references therein): 

Op{a{A)){u){x) := / e'-<a{Ou{m 

J T'M 

where the Fourier transform is defined using the exponential map on M and parallel transport on E. 
This gives rise to a map: 

g : SpEll*'°{M, E) EII*'\M, E) 
a — »■ Op (ct) . 

Then f og = Id. One does not expect that go f = Id because A = Op{(jp{A)){l + K) for some (uniquely 
defined) compact operator K. However we have go f r-^ Id where ~ denotes homotopy of maps. Indeed, 
we can build a map {A, s) F{A, s) on Elll{M, E) x [0, 1] such that F{A, 0) = g o f{A) = Op {ap{A)) 
and F{A, 1) = A for any A e Ell^{M, E). Set 

F{A, s) := (1 - s)Op {ap{A)) +sA = Op {ap{A)) (1 + sK), 

33 



then F{A, s) e Ella{M, E) since ap{F{A, s)) = ap {Op {ap{A))) = (Tp{A) and A is elliptic of order zero. 
The operator 1 + sK might not be invertible so let us show how we can modify it continuously into a 
family F{A, s) G EIIq{M, E). Let 7(3) := Id + K^- Let us denote by Sk the spectrum of K. Since K can 
be extended into a compact operator of L^{M, E), Sk is compact and consists of isolated points, up to 
which may be an accumulation point. The operator Id+sK is not invertible whenever — ^ is an eigenvalue 
of K. Since ,s G [0, 1], we have — < —1. The set ] — 00, — IJnS'^f is finite, so 7(5) is invertible, up to a finite 
number of s G [0, 1]. We can therefore modify 7 continously into some continuous path 7(5) := 1 + (j){s)K 
with values in the set {Id + K invertible : K e PDO^-'^{M,E)}, where PDO^'^{M,E) denotes the 
subspace of pseudodifferential opertors with order < a. Setting F{A, s) := Op {ap{A)) (1 + (j){s)K) yields 
the result. 

• The fundamental group '^.^{EIIq^M , E)) 

We shall discuss the case when E is trivial, but the results extend to the non trivial case using the fact 
that M being compact, for large enough N, there is a vector bundle F based on M such that E®F :^ Ijv 
where Ijv is the trivial bundle of rank A'' on M. 

Let ^ be a complex unitary Banach algebra and let A'^ be a positive integer large enough. Then ([Ka], 
chlll, Thl.25) the fundamental group I{i{GLfq{A)) is isomorphic to K{A), where GLAr(^) is the group 
of invertible maps of and K{A) is the Grothendieck group of finitely generated projective ^-modules. 
Applying that result to the Banach space C{S*M) of continuous functions on S*M, we find that: 

ni{GLN{C{S*M))) ~ Ko{S*M) := K{C{S*M)). 

Using the classical result (see e.g. [Di], vol. 3) that on a compact manifold a continuous function is 
homotopic to a smooth function and that two homotopic smooth functions are smoothly homotopic, we 
have: 

IIi{GLn{C'^{S*M))) = IIi{GLn{C{S*M))). 
It follows that for the trivial bundle 1 jv based on M of rank N large enough: 

Hi (SpElll'\M, In)) ^ Yi^{GLN{C{S*M))) c± Ko{S*M). 

On the other hand, IIi{GLn{C{S* M))) being generated by one parameter subgroups exp{2'!Titp) , p : 

{C{S*M))^ {C{S*M))^, such that p"^ = p [Ka], is non trivial so that Ili{EU*{M, In)) is non trivial 
as announced. 

Remark: In fact, since the arcwise connected component of identity Ell*'^{M, E) of the group Ell*{M, E) 
of invertible elliptic operators has the same fundamental group as EIIq'^{M, E) consisting of those that 

have zero order, this shows that ni{Ell*'"{M, E)) = ni{Ell*;"{M, E)) - Ko{S*M) is generated by one 
parameter subgroups exp(2TritP) of the above type and hence non trivial. 
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